LIPSCHITZ BEHAVIOR OF THE ROBUST REGULARIZATION
ADRIAN S. LEWIS AND C.H. JEFFREY PANG

ABSTRACT. To minimize or upper-bound the value of a function “ro-
bustly”, we might instead minimize or upper-bound ther6bust regu-
larization”, defined as the map from a point to the maximum value of the
function within ane-radius. This regularization may be easy to compute:
convex quadratics lead to semidefinite-representable regularizations, for
example, and the spectral radius of a matrix leads to pseudospectral com-
putations. For favorable classes of functions, we show that the robust
regularization is Lipschitz around any given point, for all smaib 0,

even if the original function is nonlipschitz (like the spectral radius). One
such favorable class consists of the semi-algebraic functions. Such func-
tions have graphs that are finite unions of sets defined by finitely-many
polynomial inequalities, and are commonly encountered in applications.
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1. INTRODUCTION

In the implementation of the optimal solution of an optimization model,
one is not only concerned with the minimizer of the optimization model,
but how numerical errors and perturbations in the problem description and
implementation can affect the solution. We might therefore try to solve
an optimization model in a robust manner. The issues of robust optimiza-
tion, particularly in the case of linear and quadratic programming, are doc-
umented in [1].

A formal way to address robustness is to consider the “robust regular-
ization” [15]. The notation £3” denotes a set-valued map. That is, if
F: X =Y andz € X, thenF (x) is a subset of".

Definition 1.1. Fore > 0 andF : X — R™, whereX C R”, theset-valued
robust regularization¥, : X = R™ is defined as

Fo(z)={F(z+e)|le|<ex+eec X}.

For the particular case of a real-valued functjon X — R, we define the
robust regularizationf. : X — R of f by

fe(w) = sup{y € fc(x)}
= sup{y |32’ € X suchthatf (z') =yand |z —z| <e€}.

In this paper, we restrict our attention to the real-valued robust regular-
ization f, : X — R. The use of set-valued analysis is restricted to Section
4.

The minimizer of the robust regularization protects against small pertur-
bations better, and might be a better solution to implement. We illustrate
with the example

—x fx<0
f@):{ VT itz >0
The robust regularization can be quickly calculated to be
oy Je—x ifrz<al(e
f€<x>_{\/e+$ if 2> ale),

wherea (e) = 2245~ —¢ The minimizer off is a (0), andf is not
Lipschitz there. To see this, observe thd{—/” — o0 ass — 0. But the

robust regularizatiorf, is Lipschitz at its minimizer (¢); its left and right
derivatives there are1 and 1 , which are both finite.

24/ €t+a(e

The sensitivity off at0 can be attributed to the lack of Lipschitz conti-
nuity there. Lipschitz continuity is important in variational analysis, and is
well studied in the recent books [23, 20]. The existence of a finite Lipschitz
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constant ory close to the optimizer can be important in the problems from
which the optimization problem was derived.

There are two main aims in this paper. The first aim is to show that robust
regularization has a regularizing property: Even if the original funcfia
not Lipschitz at a point, the robust regularization can be Lipschitz there
under various conditions. For example, in Corollary 4.6, we prove that if
the set of points at whiclfi is not Lipschitz is isolated, then the robust regu-
larization f. is Lipschitz at these points for all smalt> 0. The second aim
is to highlight the relationship between calmness and Lipschitz continuity,
a topic important in the study of metric regularity, and studied in some gen-
erality for set-valued mappings (for example, in [17, Theorem 2.1], [21,
Theorem 1.5]) but exploited less for single-valued mappings.

In Theorem 5.3, we prove that ff: R” — R is semi-algebraic and con-
tinuous, then given any point iR™, the robust regularizatiofi is Lipschitz
there for all smalle > 0. Semi-algebraic functions are functions whose
graph can be defined by a finite union of sets defined by finitely many poly-
nomial equalities and inequalities, and is a broad class of functions in appli-
cations. (For example, piecewise polynomial functions, rational functions
and the mapping from a matrix to its eigenvalues are all semi-algebraic
functions.) Moreover, the Lipschitz modulus fif at z is of ordero (1).
This estimate of the Lipschitz modulus can be helpful for robust design.

Several interesting examples of robust regularization are tractable to com-
pute and optimize. For example, the robust regularization of any strictly
convex quadratic is a semidefinite -representable function, tractable via
semidefinite programming: see Section 6. The robust regularizations of the
spectral abscissa and radius of a nonsymmetric square matrix, which are
the largest real part and the largest norm respectively of the eigenvalues of a
matrix, are two more interesting examples. The robust regularization of the
spectral abscissa and spectral radius are also known as the pseudospectral
abscissa and the pseudospectral radius. The pseudospectral abscissa is im-
portant in the study of the systeffu (t) = Au (¢), and is easily calculated
using the algorithm in [4], while the pseudospectral radius is important in
the study of the system,,, = Au,, and is easily calculated using the algo-
rithm in [18]. We refer the reader to [27] for more details on the importance
of the pseudospectral abscissa and radius in applications. The spectral ab-
scissa is nonlipschitz whenever the eigenvalue with the largest real part has
a nontrivial Jordan block. But for a fixed matrix, the pseudospectral ab-
scissa is Lipschitz there for ale (0, €) if € > 0 is small enough [16]. We
rederive this result here, using a much more general approach.
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2. CALMNESS AS AN EXTENSION TOLIPSCHITZNESS

We begin by discussing the relation between calmness and Lipschitz con-
tinuity, which will be important in the proofs in Section 5 later. Throughout
the paper, we will limit ourselves to the single-valued case. For more on
these topics and their set-valued extensions, we refer the reader to [23].

Definition 2.1. Let F' : X — R™ be a single-valued map, wheke C R".
(@) [23, Section 8F] Define thealmness modulusf F' atz with respect
to X to be

calimF (z) := inf{x | There is a neighbourhodd of z such that
|F(z) — F(2)| <k|z—2z| forallz e VN X}
— Jimsup L@ F @
1—7 |z — 7|

Here,z — T means that € X andx — z. The functionf' is calmat z

X
with respect taX if calm F' (z) < oc.
(b)[23, Definition 9.1] Define théipschitz modulusf F' at z with re-
spect toX to be

lip F(z) := inf{x | Thereis a neighbourhodd of z such that
|F(z) — F(2")| < klx—2] forallz,2’ € V N X}
sy F @ F @)
:L‘,:L"?i |x - x/’

c#x!

The functionF" is Lipschitzat z with respect taX if lip ' (z) < co. ¢

The definitions differ slightly from that of [23]. As can be seen in the
definitions, Lipschitz continuity is a more stringent form of continuity than
calmness. In fact, they are related in the following manner.

Proposition 2.2. Suppose that’ : X — R™ whereX C R".
(a) limsup,_,; calmF (x) < lip F (z).
X
(b) If there is an open séf containingz such that/ N X is convex, then
lip £ (z) = limsup, ., calmF (z).
X

Proof. To simplify notation, let: := limsup,_,; calmF ().
X

(a) For anye > 0, we can find a point;. such thatz — x| < ¢ and
calmF (xz.) > k —e. Then we can find a point,. such thafz, — 7| < €
and |F' (z.) — F (z.)| > (k—¢€)|ze — Z.|. As e can be made arbitrarily
small, we have: < lip F' (z) as needed.
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(b) For everye > 0, there is some neighborhood of sayBs (z), such

that
calmF (z) < k+eif x € Bs (z) N X.

For anyy, z € Bs () N X, consider the line segment joiniggandz, which
we denotdy, z]. As calmF (z) < k + e forall Z € [y, 2], there is a neigh-
borhood around, sayV;, such thatF' (z) — F' (Z)| < (k + 2¢) |z — & for
allz € Vz N X.

As [y, z] is compact, choose finitely mary such that the union o¥;
covers[y, z]. We can addy and z into our choice of points and rename

them aszy, ..., 7, in their order on the line segmeft, z], with z; = y
andz, = z. Also, we can find a point; betweenz; andz;.; such that
z; € V3, N V;,,,. Therefore, we add thesg into 4, .. ., 7, and get a new
setzy, ..., rg, again in their order on the line segment and= y, rx = z.
We have:
K-1
[F(y) = F(z)| < |F (z:) — F (Ti41)]
i=1
K-1
< (5 +2€) |2, — i1

1
< <l€+2€)’y—2|,
and ax is arbitrary, lipF’ (z) < « as claimed. O

<.
Il

Convexity is a strong assumption here, but some analogous condition is
needed, as the following examples show.

Example 2.3. (a) Consider the seX C R defined by
1 2
X — s .
(U B 3D U {0},
and define the functiof’ : X — R by

1 1 2
{ﬁ if s <z<g

0 ifz

It is clear that calnF' () = 0 for all x € X\ {0} sinceF' is constant on
each component oX, and calm#' (0) = 1. But

F(z) =

lip F(0) = lim F(5) = F (%)

: 1 2
1—00 g — _3i+1
11
o . 31’ 3i+1
i
3i 3i+1

= 2.
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Thus,limsup,_,,calmF (z) < lip £ (0).

(b) ConsiderX c R? defined byX := {(z1,z,) | 23 =z} and the
function F : R? — R defined byF (z,7,) = z,. One can easily check
thatlim sup,_,,calmF (z) = 0 and lipF' (0,0) = 1. This is an example of
a semi-algebraic function where inequality holds.

Note that caln¥’ (z) can be strictly smaller than lip (z) even if X is
convex, as demonstrated below.

Example 2.4.(a) Considerr’ : R — R defined by
0 if x =0,
Flw)= { 2?sin (Z5) otherwise.
Here, calm¥ (0) = 0, but lip ' (0) = oo.
(b) ConsiderF : R? — R defined by:

T |f0§l’1§$2/2
—T |f0§l‘1§—l‘2/2
2wy iz > |z /2.

We can calculate calda (0,0) = 2/+/5, and lipF' (0,0) = 2, so this gives
calmF (0,0) < lip F (0,0). This is an example of a semi-algebraic func-
tion where inequality holds.

F (ZL'l,ZEQ) =

At this point, we make a remark about subdifferentially regular functions.
We recall the definition of subdifferential regularity.

Definition 2.5. [23, Definition 8.3] Consider a functiofi: R — RU{oco}
and a pointt with f (z) finite. For a vectow € R", one says that

(a) v is aregular subgradienof f atz, writtenv € f (z), if

f@) = f(Z)+ (v,2 —7) + o]z —z]);

(b) v is a(general) subgradienf f atz, writtenv € df (z), if there are
sequences” — & andv” € df (z¥) with v¥ — v andf (z¥) — f (z).

(c) If fis Lipschitz continuous at, then f is subdifferentially regulaif
of (z) = of (z).

Though the definition of subdifferential regularity differs from that given
in [23, Definition 7.25], it can be deduced from [23, Corollary 8.11, Theo-
rem 9.13 and Theorem 8.6] whehis Lipschitz, and is simple enough for
our purposes. Subdifferentially regular functions are important and well-
studied in variational analysis. The class of subdifferentially regular func-
tions is closed under sums and pointwise maxima, and includes smooth

functions and convex functions. It turns out that the calmness and Lipschitz
moduli are equal for subdifferentially regular functions.
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Proposition 2.6. If f : R — R U {oo} is Lipschitz continuous at and
subdifferentially regular there, thezelmf (z) = lip f (z).

Proof. By [23, Theorem 9.13], liff (z) = max {[v| | v € 0f (2)}. If v €
Jf (z), thenv € 0f (), and we observe that calf(z) > |v| because

fE+tv) = f(Z)+ (v, tv) +o(]t])
= @)+ |vl|to] +o(]t])

Therefore calny (z) < lip f (Z) = max{|v| | v € 9f ()} < calmf (),
which implies that all three terms are equal. O

3. CALMNESS AND ROBUST REGULARIZATION

Recall the definition of robust regularization in Definition 1.1. To study
robust regularization, it is useful to study the dependencé. 0f) on ¢
instead of onc. For a pointr € X, defineg, : R, — R by

9z (€) = JFE (z).
To simplify notation, we writgy = g, if it is clear from context. Here are a
few basic properties af,.

Proposition 3.1. For f : X — R and g, as defined above, we have the
following:

(@) g is monotonically nondecreasing.

(b) If f is continuous in a neighborhood of theng, is continuous in a
neighborhood of.

Proof. Part (a) is obvious. For part (b), we prove the left and right lim-
its separately. Suppose that| ¢. There is a sequence af such that

f (z;) = f., (v), and|z; — z| < ¢;. We assume, by choosing a subsequence
if needed, thatim; ., ; = . We havelz — x| < ¢, and sincef is contin-
uous,f (z;) — f(Z). This means that

Jow) > £ (@)= lm [, (),

which impliesg (¢) > limsup,,. g (€). The monotonicity of; tells us that
g () = limg | g (€).

Next, suppose that; increases monotonically to Let z be such that
f (@) = f.(x), with |# — x| < . Sincef is continuous, for every; > 0,
there is ads > 0 such that|f (2') — f (2)] < &, if |2/ —&| < d2. This
means that it — ¢; < §,, then

fe (@) = f(&) — 01 = fe (x) — a1
As 6, can be made arbitrarily small, we conclude that;. f: (z) = f. (),
or limg. g (€) = g (e). O
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It turns out that calmness of the robust regularization is related to the
derivative ofg,.

Proposition 3.2.If f : X — R ande > 0, thencalmf, () < calmg, (e).
If in addition X = R™ and g, is differentiable at, then
calmf, (z) = calmg, (¢) = ¢, (¢).

Proof. For the first part, we proceed to show thakif> calmg, (¢), then
k> calmf. (z). If |2 — x| < ¢, we have

]Bef|i7x| (IL’) C Be (f) C Be+|a~:f:c\ (I) ’
which implies

feojg—a (2) < fo(B) < fepppa (2).

Then note that ift is close enough te, we have

e (@) < ferfpmal (2) = go (e + |7 — 2]) < g2 (€) + 5|2 — 2],
and similarly

fe(jj) 2]?67\:5790\ (.CE) :gx(e_ |.%—.%’D 29:{:(6)_’%|57_x|7

which tells us thatf. (z) — f. (z)| < & |Z — 2|, which is what we need.
For the second part, it is clear from the definition of the derivative that
g, (¢) = calmg, (¢). We prove that ifs < ¢/ (¢), thenx < calmf, (z). By
the differentiability ofg,, there is somé > 0 such that for any < § < 4,
we have

.fe—i—é (37) = UGz (E + 5)
> g, (€) + KO
= f.(7)+ k0.
Forany0 < § < ¢, there is some; € B, (z) such thatf (Zs) = feys ().
Let 5 = > (& — «) + . We havef. (i5) = fes (x), which gives
fe (25) — fe (z) > k4. Sinceis was chosen such thét= |zs — z|, we have
fe(&5)— fe () > k|25 — x|, which impliesk < calmf. (x) as needed. [

Remark3.3. A similar statement can be made for= 0, except that we
change calmness to “calm from above” as defined in [23, Section 8F] in
both parts.

We have the following corollary. The subdifferenti@al™was defined in
Definition 2.5.

Corollary 3.4. If f: R" — R, ¢ > 0 andg, is Lipschitz at, then
calm/f, () < lip g, (¢) = sup {[y| | y € 9ga (¢)} .
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Proof. It is clear that calny. (z) < calmg, (¢) < lip g, (¢). The formula
lip g, (€)= sup{|y| | v € Jg. (¢)} follows from [23, Theorem 9.13, Defini-
tion 9.1]. O

In general, the robust regularization is calm.

Proposition 3.5. For a continuous functiorf : X — R, there is are > 0
such thatf, is calm atx for all 0 < e < € except on a subset 00, €] of
measure zero.

Proof. By Proposition 3.1(b), sincg is continuous at, g, is continuous

in [0, €] for somee > 0. Sinceg, is monotonically nondecreasing, it is
differentiable in all[0, €] except for a set of measure zero. The derivative
g, (¢) equals calny. (z) by Proposition 3.2. O

Remark3.6. In general, the above result cannot be improved. For an ex-
ample, lete : [0,1] — [0, 1] denote the Cantor function, commonly used
in real analysis texts as an example of a function that is not absolutely con-
tinuous and not satisfying the Fundamental Theorem of Calculus. Then
calme, (0) = oo for all e lying in the Cantor set.

4., ROBUST REGULARIZATION IN GENERAL

In this section, in Corollary 4.6, we prove that if lfflz) < oo for z
close to but not equal to, then lipf. (z) < oo for all smalle > 0, even
when lipf (z) = co. To present the details of the proof, we need a short
foray into set-valued analysis.

Definition 4.1. [23, Example 4.13] For two sets, D C R™, thePompieu-
Hausdorff distancéetweenC and D, denoted byd (C, D), is defined by

d(C,D):=inf{n>0|CCD+nB,DCC+nB}.

Definition 4.2. [23, Definitions 9.26, 9.28] A mapping : X = R™ is Lip-
schitz continuousn its domainX C R", if it is nonempty-closed-valued
on X and there exists > 0, a Lipschitz constant, such that

d(S(z),S(x) < k|2’ — x| forallz,2' € X,
or equivalently,S (z') C S (z) + k|2’ — z|B for all z, 2" € X. TheLips-
chitz moduluss defined as
lip S (z) := limsup d(5 @), 5()

z,x! ——z |x/ - xl
X
cHx!

)

and is the infimum of alk such that there exists a neighborhdddf =
such thatS is Lipschitz continuous with constantin U N X .¢
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For F': X — R™, we may write the robust regularizatidf : X —= R™
by F. = F o &, where®, : X =% X is defined byd, (z) = B, (z) N X.
For reasons that will be clear later in Section 7, we consider the extension
o, : R = X defined byd, () = B, (x) N X. Itis clear thatd, |x= P,
using our previous notation, and it follows straight from the definitions that
lip @, () < lip . () forz € X.

Definition 4.3. We say thatX C R" is peaceful atv € X if lip @, (z) is
finite for all smalle > 0. If in addition lim sup, |, lip ®. (z) < « for all
smalle > 0, we say thatX is peaceful with modulus at z, or x-peaceful
atz.

WhenZz lies in the interior ofX ande is small enough, thet, is Lips-
chitz with constant. In section 7, we will find weaker conditions o for
the Lipschitz continuity ofb,. We will see that convex sets arepeaceful,
but for now, we remark that iX is convex, therb, is globally Lipschitz in
X.

Proposition 4.4. If X is a convex set, thed, (x) C @ (z') + |« — 2/| B for
all x, 2" € X.

Proof. The condition we are required to prove is equivalent to
B (x)N X C (B (2)NX) + |x — 2| Bforz, 2’ € X.

For any pointz € B, (z) N X, the line segmeni’, z] lies in X, and is
of length at mostz — x| + |z — 2/|. The ballB, (2') can contain the line
segmentz’, z|, in which caser € B, (z') N X, or the boundary 0B, (z')
may intersectx’, 7] at a point, sayt. SinceX is a convex set, we have
z € B (') N X. Furthermore

T —2] = |T—a|—e€
< Jz—z|+lz—a]—e
< |z -2,
soz € (B, (2') N X) + |z — 2'| B. O

We remark that ifX is nearly radial af as introduced in [15], theX is
1-peaceful: see Section 7. The séts nearly radial atz if

dist(z,z + Tx (x)) — 0asz — zin X.

The setX is nearly radialif it is nearly radial at all points inX. The no-
tationT’x (z) refers to thgBouligand) tangent congr “contingent cone”)
to X atx € X, formally defined as

Tx(7) = {lim¢, " (z, — %) : ¢, | 0, z, - 7, x. € X}



LIPSCHITZ BEHAVIOR OF THE ROBUST REGULARIZATION 11

(see, for example, [23, Definition 6.1]). Many sets are nearly radial, includ-
ing for instance semi-algebraic sets, amenable sets and smooth manifolds.

We now present a result on the regularizing property of robust regular-
ization. In Proposition 4.5 below, condition (i) allows us to evaluate the
Lipschitz modulus of functions whose domains are not necessarily convex.
One situation where (i) is interesting is wh&nis a smooth manifold.

Proposition 4.5. For F': X — R™, suppose that either (i) or (ii) holds.

() X is peaceful andip ' (z) < oo for all = close to but not equal to.
Here, ' : R — R™ is an extension of’ onR" such thatF'|y = F.

(i) X is convex andip F'(x) < oo for all z € X close to but not equal
toz.

Thenlip F, (z) is finite for all smalle > 0.

Proof. The proof for both conditions are similar, so they will be treated
together. One notes that lip(z) < lip F (z) always by the definition of
these Lipschitz moduli, so we assumelfligz) < oo for all z € X close to
but not equal tae until we have to distinguish these cases.

First, we prove that lig" : X — R, is upper semicontinuous. This
result is just a slight modification of the first part of [23, Theorem 9.2],
but we include the proof for completeness. Supposeihat x. By the
definition of lip ', we can findz; 1, z; » € X such that

[F (i1) = F'(232)]
’%‘,1 - 13z‘,2|
and ‘.Z',L'J — iCzl < ‘IZ — .Z" forj = 1,2

> lip F'(z;) — |z — ],

Taking limits asi — oo, we see that; 1, z; 2 — =, and it follows that

lip F(2) > limsup L (T) — F(T0)

i—00 |!Ez‘,1 - xz‘,2|

= limsuplip F (x;).
Thus lipF' : X — R, is upper semicontinuous.

So fore; small enough, choosg < €; such that lipf' is bounded above
in Cp = (Be,4e, () \Be, -, (Z)) N X, say by the constant;. Then for any
ke > k1 and anyr € (', there is arx, such thatF' is Lipschitz continuous
onB,, (z) N X with constantz, with respect taX. ThusU,c¢, {B., ()}
is an open cover of’,.

By the Lebesgue Number Lemma, there is a congtanth that ifxy, z-
lie in C; and|z; — xo| < 4, then the line segmeift, 25| lies in one of the
open ballsB,, (x) for somez € C;. We may assume that< e,.

Also, sinceX is peaceful at, choose:; small enough so that lip,, (7)
is finite, say lip?,, () < K. If X is convex, then this is possible due to
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Proposition 4.4. We can assume tl#at> 2. Therefore, there is an open
setU aboutz such thatd,, is Lipschitz inU N X with constant, that is
O, (2) C P, () + K|z —2|Bforall z,2’ € UN X.

So, forz, 2" e U N B (z) N X, we want to show that

F., (z) C F, (2') + Kkg |z — 2'| B.
Suppose thay € F,, (z). Soy = F (z) for somez € B, (z) N
If 2 € B,_ (7), theni € B, (2) N X becausgs’ — z| < L.
y € F, (/). Otherwise? € (Bﬁ% () \B,,_ s (:z;)) N X.
We haved,, (z) C ¢, (2')+ K |z — 2| B. So thereis some € o, (2)
such that

N X.
So

J 4]
|:c—x\<K]m—:c]<K2K 3"
Furthermore,
]:i"—f]§\i—x\+|x—:ﬁ|+]:ﬁ—i!§el+i+é 61—|—3—5<61—|—62,
2K 2~ 4
and
]iz—f|>|£—x\—|m—f|—]§:—i|>€1———§>61—3—5>61—62.
- - 2K 2~ 4

Hencei € (B, ie, () \B—e, ()) N X. We now proceed to prove the
inequality| F' () — F ()| < ko |2 — Z| for the two cases.

Condition (i): Sincgz — | < 9§, the line segmerit;, z] liesinB,, (=) for
somez € X. Since the line segmeft, 7] is convex and ligt" is bounded
from above by, there, we have

|F(2)—F(2)] = |F(@)~F ()
< Ko |T — 2

by [23, Theorem 9.2].
Condition (ii): The proof is similar, except that, 7] C X, and lipF' is
bounded above bys;.

On establishingF (z) — F (2)| < k2|2 — Z|, we note that
F(z) € F(2)+ k|2 —2Z|B
C F,(2")+re|2— 7B
C F,(2))+ Kry |z — 2| B,
and we are done. O

We are now ready to relate lip (z) to lip f (z). We remind the reader
that in the proof of Corollary 4.6 below, : X = R is a set-valued map as
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introduced in Definition 1.1, which is similar tf but maps to intervals in
R.

Corollary 4.6. For f : X — R, if either condition (i) or condition (ii) in
Proposition 4.5 forF' : X — R taken to bef holds, therip f. (z) < oo for
all smalle > 0.

Proof. By Proposition 4.5, we have liff (z) < oo with the given condi-
tions. It remains to prove that lif (z) < lip f. (z). We can do this by
proving that lipS (z) < lip S (z), whereS : X = R is a set-valued map,
andS : X — R is defined byS (z) = sup{y | y € S (z)}. Note that if
S = fe thenS = (fe) = f_‘e

Foranyx > lip S (z), we haved (S (), S (#)) < s |& — #|for 2,2 € X
close enough ta by [23, Definition 9.26]. The definition of the Pompeiu-
Hausdorff distance tells us that(z) C S (z) + |2 — 2|, which implies
S(#) < S(&) + r|& — 2|. By reversing the roles of andz, we obtain
|5 (2) — S (2)| < x|z —2|. Sok > lip S (x), and sinces is arbitrary, we
have lipS (z) < lip S (x) as needed. O

5. SEMI-ALGEBRAIC ROBUST REGULARIZATION

In this section, in Theorem 5.3, we prove thafif R” — R is continu-
ous and semi-algebraic, then at any given point, the robust regularization is
locally Lipschitz there for all sufficiently smadl> 0. This theorem is more
appealing than Corollary 4.6 because the required condition is weaker. The
condition lipf (z) < oo for all z close to but not equal tein Corollary 4.6
is a strong condition because if a function is not Lipschitz at a pairitis
likely that it is not Lipschitz at some points closei@s well. For example
in f : R? — R defined byf (z1,22) = |/z1], f is not Lipschitz at all
points wherer; = 0.

We proceed to prove the main theorem of this section in the steps outlined
below.

Proposition 5.1. For f : X — R, whereX C R" is convex, definé :
XXR+—>R+U{OO}by

G (z,¢€) := limsuplip f: (x).
If fis semi-algebraic, then the maps ¢) — calmf, (z), (z,¢€) — lip f. (z)
andG are semi-algebraic.

Proof. The semi-algebraic nature is a consequence of the Tarski-Seidenberg
guantifier elimination. O

The semi-algebraicity ofz, e) — calm/. (z) gives us an indication of
how the mapg — calmf, (z) behaves asymptotically.
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Proposition 5.2. Suppose that : X — R s continuous and semi-algebraic,
whereX C R™. Fix z € X. Thencalmf, (z) = o (1) ase \, 0. Hencef.
is calm atz for all smalle > 0.

Proof. The mapg, is semi-algebraic because it can be written as a com-
position of semi-algebraic maps— (z,¢) — f.(z). Thusg, is differ-
entiable on some open interval of the fofh €) for ¢ > 0. Recall that
calmg, (¢) = ¢.. (¢) by Proposition 3.2.

We show that for any<” > 0, we can reduceif necessary so that the map
e — calmf, (z) is bounded from above by — £ one € [0,¢. For any
K > 0, there exists aA > 0 such that eithey/, () < £ forall0 < ¢ <,
or g, (e) > % forall 0 < ¢ < €. The latter cannot happen, otherwise for
any0 < e <,

f@) - f@) = / &, (s) ds

> /—ds-

This contradicts the continuity af,. If ¢ is small enough, the derivatives
of g, exist for all smalle > 0 andg’, (¢) = calmf, (z) by Proposition 3.2.
This gives us the required result. O

,1] — R defined byf (z) = z'/*. Theng, (¢) = ¢'/*, so

1
€) = Le/M=1 Ask — oo, we see that the bound above

Considerf : [0
90 (€) = 3

calmf, (0) =
is tight.

We are now ready to state the main theorem of this paper. In the particular
case ofX = R"”, we have the following theorem.

Theorem 5.3. Consider any continuous semi-algebraic functjonR" —
R. At any fixed point € R", the robust regularizatiorf. is Lipschitz atz,
and its calmness and Lipschitz modeilm . (z) andlip f. (z), agree for
sufficiently smalk and behave like (1) ase | 0.

Proof. In view of Proposition 5.2, we only need to prove the there is some
€ > 0 such that lipf. (z) = calmfe( ) for all e € (0,¢]. We can as-
sume thaty; is twice continuously differentiable (0, €]. The graph of

G :R" x Ry — R, as defined in Proposition 5.1 is semi-algebraic, so by
the decomposition theorem [10, Theorem 6.7], there is a finite partition of
definableC? manifoldsCy, . . ., C; such thatG |¢, is C.
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If the segmen{z} x (0, € lies in the (relative) interior of one definable
manifold, then

lip f (z) = limsupcalmf, () (by Propositior2.2)
= limsup g; (¢) (by Propositiors.2)
= g;(¢)
= calmf, (z),

and we have nothing to do. Therefore, assume that the segment is on the
boundary of two or more of th€};.

SinceG is semi-algebraic, the map— limsup, .. lip f. (z) is semi-
algebraic, so we can reduee- 0 as necessary such that either

(1) limsup,,_lip f. (z) < calmf, (z) for all e € (0, ¢], or

(2) limsup,, . lip f. (z) = calmf, (z) for all e € (0, ], or

(3)limsup,_._lip f. (z) > calmf, (z) for all € € (0, &.

Case (1) cannot hold because figz) > calmf. (z). Case (2) is what
we seek to prove, so we proceed to show that case (3) cannot happen by
contradiction.

We can chooseé, M, M, > 0 such thab) < ¢ < € and

calmf, (z) < My < M; < limsuplip f, (z) foralle € [, .

We state and prove a lemma important to the rest of the proof before con-
tinuing.

Lemma 5.4. There exists an intervdk,, ¢;) contained in(¢, €] and a man-
ifold 7} € R™ x R, such that

(1) {.f'} X (61,62) ccl (Tl)

(2) T} is an operC? manifold.

(3) H : R" x R, — R, defined byif (z,¢) = f. (x),isC?in Ty,

(4) For all (z,¢) € Ty, we havell; < ¢’ (€) < oo.

(5) (x,€) — ¢. () is continuous ir;.

Proof. Consider the set
= {(z,¢) | My < g, (€) < o0}

First, we prove tha{z} x [¢,é] C clT. It suffices to show that for all
€ € (€€, (T,e) € clT. This can in turn be proven by showing that for
all § > 0, we can findz’, ¢ such thatz — 2’| < §, |e — €| < ¢ such that
(«',€') € T, or equivalentlyM; < ¢, (¢') < oo.

Sincelimsup,_ lip fa (z) > M, there is some® such thate® — ¢ < 2
and lipf. (z) > M;.
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Next, since

lim sup |9g, (¢°)| > limsup calmfe. (x) = lip fo (7)),

T—T r—T

there is some’ such thatz — /| < § and|dg, (¢°)| > 3lip feo (T)+ 5 M.
Finally, sinceg, (-) is semi-algebraic, we can find soraesuch that
€ — €| < £, 4. (¢) is well defined and finite, and

0 (¢) > 1092 ()] = 5 (ip o (7) = M) > M.

This choice ofr’ ande’ are easily verified to satisfy the requirements stated.
By the decomposition theorem [10, Theorem 617fan be decomposed
into a finite disjoint union o€? smooth manifoldg, 7, . . ., 7,, on which
H isC?. Since{z} x [¢, €] C cl T, there must be somE and(e;, €2) such
that{z} x (e, e2) C ¢l T;. Without loss of generality, let one su¢hbeT;.
Conditions (1), (2), (3) and (4) are automatically satisfied. Note that
g, (€) is exactly the derivative off (-, -) with respect to the second coor-
dinate, and so Property (5) is satisfied. This concludes the proof of the
lemma. O

We now continue with the rest of the proof of the theorem1Tilfis of
dimension one, then we ha¥g D {z} x (€1, €2). Recall that if the deriva-
tive ¢’ (¢) exists, thery’, (¢) = calmf, (z) by Proposition 3.2. This would
mean that calnf, () > M,, which contradicts our earlier assumption of
calmf. (z) < M. Therefore, the manifold; is of dimension at least two.

Using Lemma 5.7 which we will prove later, we can construct the map
¢ :[0,1)x(é, é) — clTy, such that its derivative with respect to the second
variable exists and is continuous, apd0, ) = (z, ¢) for all e € (é1, €3).

For each0 < § < 1, consider the pathi; : [¢1,é] — R™ defined by
Zs5 (€) == ¢ (9, €). We have

fer (25 (&2)) — for (Z5 (61))
= / VH (& ,8) - (25 (s),1)ds

= / VxH(id(s),s)-ig(s)d8+/62VsH(fé(3)a3)d87

€1
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whereH (x,¢) = f. (x). The second component 8 H (75 (s) , s) is sim-
ply ggé(s) (s). The first component can be analyzed as follows:

Vo H (5 (s),s) - 75 (s)
— lim s (H (i (s) + 3 (s),8) — H (5 (5) , )

t—0 t

= i (F (B (s) + 15 (5)) — [u (3 ().

t—0 t

Provided that |7} (s)| < s, B
SO

(35 (s)) C By (3 (5) + 135 (5)), and

37t|jg(s)

Vo H (T5(s), ) - 5 (s)
lim1 (fs—t|5:g(8)‘ (75 (s)) = fs (%5 (5>>>

t—0 ¢
o . 1 = - = .
= 1O s (e ago) (B3 () = o (s ()

= =[5 (5)] gay(e) (5) -
Hence,

Y]

fézA(i‘tS (€2)) = fe, (75 (&1)) A
= / V.H (Z5(s),s)- 25 (s)ds +[ VsH (25 (s),s)ds

€1

€2
> [ ) g () ds.
€1

Since the derivatives af are continuousyj (s) — Z; (s) = 0 asé — 0 for
€1 < s < é. Infact, the termz} (s)| converges to zero uniformly i, é;].
To see this, recall that; (s) is a partial derivative op. SincepisC!, 75 (s)
is continuous with respect toandé. For any3 > 0 ands € [é, é], there
exists~y, such that

|75 (5)] < Bif 6 <vsand|§ — s| < .
The existence of such that
|75 (s)] < Bif § <~ ands € [, é)]

follows by the compactness ¢f;, é;]. So we may choosé small enough

so that

M+ M
(1= & (s)]) > % forall s € [é1, &)
1

Now, for 6 small enough and = 1,2, we haveg, (¢;) < M,, so this
gives us calnf,, (z) = g% (¢;) < M, by Proposition 3.2. Therefore, éfis
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small enough,
|fe, (@5 (&) — fe, (2)] < M2 |75 (&) — -

Recall that if the derivative/, (¢) exists, theng. (¢) = calmf. (z) by
Proposition 3.2. On the one hand, we have

for (7) = for () = / 95 (s)ds < / Mads = My (é — &) .

But on the other hand;;s (s) € 73 for 0 < 6 < 1, and sog’ ., (s) > M,

by Lemma 5.4. 1% is small enough, we have

|f€2 (f) - f€1 (7)‘

Z5(s)

> |Fa (s (62)) — o (25 (@)
A — (| fa, $6(€2)) feg (@)| + | fa (@5 (1)) — for ()])
> [ O () ds
My (7 62) — 71 + 1 (&) )
> [T =13 () Mids = My (175 e) = 7] + [ ) — )

€1
€2 M _|_M - . _ ~ ~ _
> / (%) ds — M (|25 (€&2) — Z| + |Zs (€1) — Z))
&1

As ¢ is arbitrarily small and the termg; (¢;) —z| — 0 asé — 0 for
i=1,2,we have|fz, (z) — fe, (2)| > (£22) (&, — ¢). Thisis a contra-
diction, and thus we are done. O
Before we prove Lemma 5.7 below, we need to recall the definition of

simplicial complexes from [11, Section 3.2.1]. fFmplexwith vertices

ag, ..., 04 is

[ao,...,ad] = {ZEGR” | ElA(),...,)\dG [0,1],
d

d
Z)\Z = landx = Z)\zal}
=0

=0
The correspondingpen simplexs

(ao,...,a/d) = {:UER”|E|)\0,,)\(1€(O,1),
d

d
Z)\Z =1 andz = Z)\zaz}
=0

1=0
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We shall denote by inf) the open simplex corresponding to the simplex
o. A face of the simplex = [ao, . .., aq4] IS a simplexr = [b, ..., b.] such
that
{bo,...,be} C {CLQ,...,CLd}.

A finite simplicial complexn R” is a finite collectionk” = {o,...,0,}
of simplicess; C R" such that, for every;, o, € K, the intersectiom; No;
is either empty or is a common face @fando;. We set| K| = U,,cx0i;
this is a semi-algebraic subset®f. We recall a result on relating semi-
algebraic sets to simplicial complexes.

Theorem 5.5.[11, Theorem 3.12letS C R™ be a compact semi-algebraic
set, andS;, ..., S,, semi-algebraic subsets of. Then there exists a fi-
nite simplicial complexk’ in R™ and a semi-algebraic homeomorphism
h : |K| — S, such that eactb) is the image by of a union of open
simplices ofK .

We need yet another result for the proof of Lemma 5.7.

Proposition 5.6. Suppose that : (0,1)2 — R, not necessarily semi-
algebraic, is continuous if0, 1)*. Letgph¢  (0,1)* x R be the graph of
¢. Then forany € (0, 1), cl (gphe) N (0,t) x R is either a single point or
a connected line segment.

Proof. Suppose that(0,t),a;) and((0,t),as) lie in cl(gph¢). We need
to show that for anyv € (ay, as), ((0,t), «) lies in cl(gphe).

For anye > 0, we can find point®y, p, € (0, 1)2 such that the points
(p1,a1), (p2, a2) € gphe are such thata; — a;| < e and|p; — (0,t)] < €
for i = 1,2. Recall that by definitior; = ¢ (p;) for i = 1,2. Choose
e such thata; + € < a, — e. By the intermediate value theorem, for any
a € (a1 + €,ay — €), there exists a point in the line segmenip;, p,] such
that ¢ (p) = «. Moreover,|p — (0,t)] < max;—12 |p; — (0,%)]. Letting
e — 0, we see that(0,t) ,«) € cl (gphe) as needed. O

We now prove our last result important for the proof of Theorem 5.3.
The proof of the lemma below is similar to the proof of the Curve Selection
Lemmain [11, Theorem 3.13].

Lemmab.7.LetS C R" be a semi-algebraic set, and [¢, ;] — R" be a
semi-algebraic curve such that[e;, ex]) N .S = 0 and7 ([e1, €2]) C cl (.5).
Then there exists a functign: [0, 1] x [é1, 2] — R™, with [é1, é&] # 0 and
[€1, 62] C [61, 62], such that

(1) 0 (0,€) = 7 (¢) for e € [é1, €3] and ((0, 1] x [é1,€]) C S.

(2) The partial derivative o with respect to the second variable, which
we denote by’ o, exists and is continuous {A, 1] x [¢;, é).
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Proof. ReplacingS with its intersection with a closed bounded set contain-
ing 7 ([e1, €2]), we can assumé' is bounded. Then ¢IS) is a compact
semi-algebraic set. By Theorem 5.5, there is a finite simplicial comfglex
and a semi-algebraic homeomorphigm |K| — cl (S), such thatS and
7 ([e1, €2]) are images by: of a union of open simplices ik . In partic-
ular, this means that there is an open inteféal é;) C [e1, €5] such that
7 ((€1,€2)) is an image by: of a 1-dimensional open simplex i. Since
h~' o1 ((é,¢)) isin cl(S) but not inS, there is a simplex of K which
hash™! o 7 ([é1, €2]) lying in the boundary of, andh (int (o)) C S.

Let & be the barycenter ef. Define the map : [0, 1] x [é, é&2] — R™ by

§(t,e) = (1—t)h tor(e) +1t6.

The map above satisfieq (0, 1] x (é,¢2)) C int(o). By contracting the
interval[é,, é] slightly, o = h o ¢ satisfies property (1).

By contracting the intervdk,, é] if necessary and applying the decom-
position theorem [10, Theorem 6.7], we can assumegthiatC! in the set
(0,t] x [é1, €] for somet € (0,1).

Sincer is semi-algebraic, we contract the interj@l é;] again if neces-
sary so that isC' there. ThereforeZ ¢ exists in[0, ] x [¢;, &]. It remains
to show thatZ ¢ is continuous iff0, £] x [é1, é&]. We do this by showing that
201 [0,1] x [é1,] — R, theith component of the derivative with respect
to the second variable, is continuous for each

Since 2 ; is continuous in(0, 7] x [é;, &), it remains to show that it is
continuous at every point {0} x [é;, €&;]. The graph Of%goi corresponding
to the domair(0, ] x [¢;, é], which we denote by gpliZ ;). is a subset of
(0,7] x [é1, 6] x R. We show tha((0,€), 2¢; (0,€)) € cl (gph (Z;)).
For smallty,t, > 0, considery; (t1,e — ty) andy; (t1, € + t3). By the in-
termediate value theorem, there is soime (e — t,, € + t5) such that

1
= 5 (i (t1, €+ t2) — @i (t1,€ — t2)).
t2

If ¢, were chosen such that

0 _
&% (tb 6)

1 0
= (i (0,6 +t2) — i (0,6 —t3)) — AL (0,¢)

2ty
is small and; is chosen such that
1 1
— (pi(tr, e +t2) — @i (t1,€ —t2)) — 7 (i (0,€ +t2) — i (0,€ — t2))
2ty 2ts

is small, ther| 2 y; (t1,€) — 2¢; (0,€)| is small. Takingz — 0 andt; —
0, we have((0,¢), 2¢; (0,¢)) € cl (gph (L¢;)) as desired.
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Recall that the graph gp(’\%gpi) is taken corresponding to the domain
(0,1] x [é1, €], and is a manifold of dimensiahin R3. Its boundary is of
dimensionl [11, Proposition 3.16], so the intersection of(gph (Z¢;))
with {0} x [é, €] x R is of dimensionl as well, and is homeomorphic
to a closed line segment. There cannot be an intééyad,] C [é1,é2] on
which cl (gph (2¢;)) N {0} x {e} x R has more than one value for all
e € [é1, &) because by appealing to Proposition 5.6, this implies that the
dimension cannot be. We note however that it is possible that there exists
ane € [¢;, &) such that cl(gph (£¢;)) N {0} x {¢} x Ris al-dimensional
line segment. This can only happen for only finitely many [¢,, é2] due
to semi-algebraicity.

In any case, we can contract the intery@l, ;] if necessary so that
cl (gph (£¢:)) N {0} x {e} x Ris a single point for alt € [¢;, ). This
means that for anyt, ¢€) — (0, ¢), we have%goi (t,€) — %(pi (0, €), estab-
lishing the continuity of2¢; (-,-) on [0,7] x [é1,é,]. A reparametrization
allows us to assume that= 1, and we are done. O

6. QUADRATIC EXAMPLES

In this section, we show how the robust regularization can be calculated
for quadratic examples, which are more-or-less standard in the spirit of
[3, 1]. We write A = 0 for a real symmetric matrix4 if A is positive
semidefinite.

Theorem 6.1. (Euclidean norm) For any reah, x n matrix A and vector
b € R™, consider the functiop : R" — R defined by

g9(x) = |[Az + 0|2,
Then the following properties are equivalent for any pdintt) € R x R:

(i) t > g (z)
(if) there exists a regl such that

tl,, Ar +b €A
(Az+b0)T t—p 0 = 0.
eAT 0 wly
Proof. Applying [1, Thm 4.5.60] shows > g.(x) holds if and only if there
exist reals andy satisfying
t—s > 0
sl Ar+b €A
(Az+b)T s—pu 0 = 0.
eAT 0 wly

and the result now follows immediately. O
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Since the matrix in property (ii) above is an affine function of the vari-
ablesz, t andy, it follows that the robust regularizatign is “semidefinite-
representable”, in the language of [1]. This result allows us toguse
building tractable representations of convex optimization problems as semi-
definite programs.

An easy consequence of the above result is a representation for the robust
regularization of any strictly convex quadratic function.

Corollary 6.2. (quadratics) For any real positive definiteby-n matrix H,
vectorc € R™, and scalard, consider the function : R™ — R defined by
h(z) = 2" Hx + 2c¢" 2 4 d.

Then the following properties are equivalent for any pd@intt) € R" x R:

(i) ¢ > he(x);
(i) there exist reals andy such that

t—s>+c"H'e—d > 0

s, H'Y2p + HY2¢ e¢H'Y/?
(H'Y?g + H2c)T s — I 0 = 0.
eH'/? 0 wly

Proof. Clearlyt > h.(x) if and only if
ly—zlls <e = ||Hy+HV2c|3<t—d+c"H e
This property in turn is equivalent to the existence of a kestisfying
2 < t—d+c"H ¢ and
ly =zl <e = [Hy+H c||; <,
and the result now follows from the preceding theorem. O
Since the quadratic inequality
t—s>+cHce—d>0
is semidefinite-representable, so is the robust regularization

7. 1-PEACEFUL SETS

In this section, we prove thaX C R” is nearly radial impliesX is
1-peaceful using the Mordukhovich Criterion [23, Theorem 9.40], which
relates the Lipschitz modulus of set-valued maps to normal cones of its
graph. The next section discusses further properties of nearly radial sets
and how they are common in analysis.

The Mordukhovich Criterion requires the domain of the set-valued map
to beR”, so we recall the mag@, : R* = R” by & (z) = B, (z) N X.
Recall thatd |y = @, and lip®, (z) < lip ®, (z) forall z € X. Letus
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recall the definitions of normal cones, the Aubin property and the graphical
modulus.

Definition 7.1. [23, Definition 6.3] LetX C R™ andz € X. A vector
v is normal toX at z in the regular sense, orragular normal written
v € Nx (), if

(v,x —I) <o(lxr —z|) forx € X.
It is normal to X at z in the general sense, or simplyn@rmal vector,
written v € Nx (z), if there are sequences - 7 andv” < Y with

v’ € Ny ().

Definition 7.2. [23, Definition 9.36] ForX C R", a mappingS : X = R™
has theAubin property atz for u, wherez € X anda € S (z), if gphS
is locally closed atz, ) and there are neighborhootsof z andWW of «
such that

SEYyNW cS(x)+k|z'—z|Bforallz,2’ € X NV.
Thegraphical modulus of at z for « is
lipS(z|u) := inf{x | There are neighbourhoods
V of z, W of @ such that
SE)NWw cS(x)+ ke —z|B
forallz,2’ e X NV}.

If S'is single-valued at, then in keeping with the notation of lip in Defini-
tion 2.1, we write lipS (z) instead of lipS (z | S (z)). Note that this equals
lip S (z) if S is continuous at. ¢

A set-valued mayb is locally compactaroundz if there exist a neigh-
borhoodV" of z and a compact s&t C Y such thatS (V) c C. This is
equivalent taS (V') being a bounded set, which is the case whésa outer
semicontinuous and (z) is bounded. IS is outer semicontinuous and lo-
cally compact at, then by [20, Theorem 1.42], the Lipschitz modulus and
the Aubin property are related by

lip S (z) = arélsa(}%) {lipS(z|a)}.

In finite dimensions, we neesl(z) to be bounded and to be outer semi-
continuous for the formula above to hold.
Here is a lemma on convex cones.

Lemma 7.3. Given any two convex con€g and C; polar to each other
and any vector:, we have

(d(z,C1))* + (d (z,C))" = ||
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Proof. This is a simple consequence of [23, Exercise 12.22] O

We now present our result on the relation betweégreaceful sets and
nearly radial sets.

Theorem 7.4.1f X is nearly radial atz, thenX is 1-peaceful at. The con-
verse holds ifX is subdifferentially regular for all points in a neighborhood
aroundz.

Proof. The graph of®, is the intersection oR™ x X and the setD C
R™ x R"™ defined by

D= {(z,y) | lz —yll < e}
By applying a rule on the normal cones of products of sets [23, Proposition
6.41], we infer thatVg-~ . x (z,y) = {0} x Nx (y). Define the real valued
functiongy : R" x R” — R, by go (z,y) == 3 [|lz — y||°. Then the gradient
of gois Vgo (z,y) = (z —y,y — ).

From this point, we assume thit — y|| = e. The normal cone oD
at(x,y) is Np (z,y) = Ry {(x — y,y — x)} using [23, Exercise 6.7]. On
applying a rule on the normal cones of intersections [23, Theorem 6.42], we
get

(7.1)  Ngphe, (2,9) € ({0} x Nx () + Ry {(z —y,y — 2)}.

Furthermore, ifX is subdifferentially regular a, the above set inclu-
sion is an equation. By the Mordukhovich criterion [23, Theorem 9.40],
®. has the Aubin Property dtz, y) if and only if the graphical modulus
lip &, (z | y) is finite. It can be calculated by appealing to the formulas for
the coderivativeD* [23, Definition 8.33] and outer norra| ™ [23, Section
9D] below.

~ ~ +
lipd. (x|y) = )D*@E (x| y)‘ (by [23, Theorem 9.40])
= sup sup | z|| (by[23, Section 9D])

weB zeD*‘i)E(w)

= sup {||2]| | (w,2) € gphD* @, ]| < 1}

= sup {12 | (—2,w) € Ngn, (2.9 ] < 1}
(by [23, Definition 8.33])
(7.2) < sup{Jl2]|| (= w) € ({0} x Nx ()
R, {(w —y.y— o)}, ] <1

We can assume that= y — = with arescaling, and = y — x + v for some
v € Nx (y). Since({0} x Nx (y)) + R, {(z —y,y — )} is positively
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homogeneous set, we could find the supremur#f}#fin the same set and

the formula reduces to

i @ ly — |
|Ip P, (x ’ y) < sup —————
vENx (y) |y — 2+
B C|
= p
veNx () (@ —y) — 2|
|z — vl
7.3 — ‘
For a fixedz # y, sayz, we havel /lip & (z | y) > 4= LEx)
we prove that for any open sBt aboutz, we have
r d(f—y,Nx(y)>
(74) inf d(I _y7 NX (y)) — inf - '
yeWnX ||x_yH yEWNX Hﬂf—yH

Y#T y#T

)| First,

Itis clear that “<” holds becauséy (y) C Nx (y), So we proceed to prove

the other inequality. Considel(z —y, Nx (y)). Letv € Py, ()

(Z —v),

the projection ofz — y) ontoNx (y). Thenv € Nx (y), and so there exists

y; — y, with y; € W N X, andv; — v such thaw; € Ny (y;). So

d(r—y,Nx (y) = d(T—-y,Ry(v))
= limd(z —y,Ry (v;))

— lim d (7 -y, Ry (1))

2 limsupd (f — yi, Nx (yz))
d(z —y,Nx (y)) lim sup d (37 — ¥i, Nx (yl)>
Gy 2 e

Thus equation 7.4 holds. Therefore

lim inf ! <'f ~ 4 Nx (y)>

ys 17—y y—

SO we may now consider only regular normal cones.
By Lemma 7.3, we deduce the following:

A (2 —y.8x ) +d (2085 (0)) =17~ u? fory

> 1 implies limsup lip Ci>||j_yH (z]y) <1,

e X.
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SinceTx (y)" = Ny (y) always [23, Theorem 6.28(a)], we apply Lemma
7.3 and get

; 2 *k _
A (7 -y, Nx(v)) +d(@—yTx (9)") = 7yl fory € X.
AsTyx (y) C Tx (y)™ [23, Corollary 6.21], this implies that
“ 2
(7.5) d(2—y,Nx (1)) +d(@—yTx W) = |2 —y|* fory € X,

Note that if X is nearly radial atz, then ”i—iyud(f —y,Tx (y)) — 0 as

e=|z—y| |0,y € X. This means that

1 3 N
Md (I — ¥y, Nx (?J)) — 1,

1/lip @y (7 | y) =
SO
limsup lip @z (7 | y) <1,
y?iyii
wherey = T meang € X andy — 7.

Recall that®, has closed graph, and hence it is outer semicontinuous [23,

Theorem 5.7(a)]. It is also locally bounded, so
lip &, (z) = max lip & (7 | y)
YES(T)

by [20, Theorem 1.42]. This gives Uisnsup, ,lip ®. () < 1, or X is
1-peaceful afz, as needed.

If we assume thak is regular in a neighborhood @f then Formula (7.5)
is an equation. Furthermore, (7.1), (7.2) and (7.3) are all equations. Thus if
lim, o lip @, (z) = 1, then

1

—— d(z—y,Nx(y)) =1/lip®ys_, (z | y) — 1lasy — &, y # 7.

and we have-.d (7 —y,Tx (y)) — 0 asy — T andy # z, which
means thak is nearly radial af. O

Finally, 1—peaceful sets are interesting in robust regularization for an-
other reason. The Lipschitz modulus of the robust regularization bver
peaceful sets have Lipschitz modulus bounded above by that of the original
function, as the following result shows.

Proposition 7.5. If X is 1-peaceful andF' : X — R" is locally Lipschitz at
z, then
limsuplip £, (z) <lip F'(Z).

e—0
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Proof. We use a set-valued chain rule [23, Exercise 10.39]. Recall the for-
mulaF, = (F o i)e> |x. The mappindz, u) — &, (z)NF~! (u) is locally
bounded because the map- ®. (z) is locally bounded. Thus

lip F. (z) < lip ®. () - max lip F(z).

€D (T)
By Theorem 7.4lim,_ lip ®. (z) < 1. Also, since lipF : R — R is up-
per semicontinuoudim sup,_, max,4_ lip £ (z) < lip F'(z). Taking
limits to both sides gives us what we need. O

8. NEARLY RADIAL SETS

As highlighted in Section 7, nearly radial sets arpeaceful. In this
section, we study the properties of nearly radial sets and give examples of
nearly radial sets to illustrate their abundance in analysis.

We contrast the definition of nearly radial sets given before Proposition
4.5 with a stronger property introduced by [25], which is the uniform ver-
sion of the same idea. This idea was cal¥étl)-convexityin [25].

Definition 8.1. (nearly convex sets) A sef C R” is nearly convexat a
pointz € X if

dist(y,z + Tx (z)) = o(||lz — y||) asz,y — zin X
The setX is nearly convexf it is nearly convex at every poinX. ¢

Clearly if a set is nearly convex at a point, then it is nearly radial there,
but the class of nearly radial sets is considerably broader. For example, the
set

X ={xcR?: 512y =0}
is nearly radial at the origin but not nearly convex there, since as oo
the pointsz,, = (n!,0) andy, = (0,n~') approach the origin ifX and
yet
dist(y,, 2, + Tx(2,)) = n"" # o(||xn — yul]).

It is immediate that convex sets are nearly convex, and hence nearly
radial. A straightforward exercise shows that smooth manifolds are also
nearly convex, and hence again nearly radial. These observations are both
special cases of the following result, rather analogous to [25, Theorem 2.2].
A setX C R"is amenabld23, Section 10F] at a point € X if there is
an open neighborhood of z, aC! mappingF’ : V — R™, and a closed
convex seth C R™, such that

XNV ={zeV:F(x)e D}
(8.6) and Np (F(z))NN (VF(z)")={0},
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whereNp(-) denotes the normal cone 9, and N (-) denotes null space. If
in fact " is C? then we callX strongly amenabl§23, Definition 10.23] at
z.

Theorem 8.2. (amenable implies nearly radial) Suppose theXset R" is
amenable at the point € X. ThenX is nearly convex (and hence nearly
radial) at z.

Proof. SinceX is amenable at, we can suppose property (8.6) holds. Sup-
pose without loss of generality = 0, and consider a sequences of points
x,, Yy, — 01inthe setX N V. We want to show
dist(y,, z, + Tx(z,)) = o(||z, — y.||)-
Without loss of generality we can suppase# y, for all », and denote the
unit vectors|z, — v, || ! (x, — y.) by z,.. We want to prove
d, = min{||w+ 2| : w € Tx(z,)} — 0.
The unique minimizet, € Tx(x,) in the above projection problem satis-
fies
dr = |lwr+ 2z
w, + 2, € —Nx(x,)=—-VF(z,)"Np(F(x,))
<wr> Wy + Zr> = 07

by [23, Exercise 10.26(d)]. Choose vectarse —Np(F(x,)) such that

wy + z, = VF(x,) u,.

We next observe that the sequence of vecfars is bounded. Other-
wise, we could choose a subsequekeg} satisfying||u, || — oo, and
then any limit point of the sequence of unit vectdfis:, | ~'u,.} must lie
in the set—Np(F(0)) N N(VF(0)*), contradicting property (8.6).

We now have

0 < & = (2,VF(z,)u,) = (VF(z,)z,u,)
= (VF(z)z — llor =y | 7 F (@) = Flyo)] ur)
+ <||xr - yr||_1[F<17r> — F(y,)], Ur> .

The first term converges to zero, using the smoothness of the maind
the boundedness of the sequefigg}. On the other hand, since the gets
convex, we havé’(y,) — F(z,) € Tp(F(z,)), andu, € —Np(F(z,)) by
assumption, so the second term is nonpositive, and the result follows.

It is worth comparing these notions to a property that is slightly stronger
still: prox-regularity (in the terminology of [23, Section 13F]), @p(2)-
convexity[25].
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Definition 8.3. (prox-regular sets) A seX C R" is prox-regularat a point
TeXIif
dist(y, z + Tx (z)) = O (||lz — y||*) asz,y — zin X.o

Theorem 8.2 (amenable implies nearly radial) is analogous to the fact that
strong amenability implies prox-regularity [23, Proposition 13.32] (and also
to [25, Proposition 2.3]).

The class of nearly radial sets is very broad, as the following easy result
(which fails for nearly convex sets) emphasizes.

Proposition 8.4. (unions) If the setX;, X5, ..., X,, are each nearly radial
at the pointz € N, X, then so is the union; X ;.

Proof. If the result fails, there is a sequence of points— z in U; X, and
reale > 0 such that

(8.7) mﬁcﬁiﬁ;J@&@Q>ZemHmﬂ

17— ]
By taking a subsequence, we can suppose that there is aniisdeR that
z, € X, forall ». But then we know

dist(f—_@"r TXM) 0,

|7 — ||
which contradicts inequality (8.7), sin@&; (x,) C T_,x, (7,). O

A key concept in variational analysis is the idea of Clarke regularity (see
for example [8, 9, 23]). We make no essential use of this concept in our
development, but it is worth remarking on the relationship (or lack of it)
between the nearly radial property and Clarke regularity. Note first that
nearly radial sets need not be Clarke regular: the union of the two coordinate
axes inR? is nearly radial at the origin, for example, but it is not Clarke
regular there.

On the other hand, Clarke regular sets need not be nearly radial.

Example 8.5. Consider the functiorf : R — R defined by

fla) = 27 — 27l —on L) IH2T" i 27—l < x| <277 (n € N)
10 if z =0.

The functionf is even, and its graph consists of concave segments on each
intervalz € [27"~',27"], passing through the poigt™(1, 1) with left de-
rivative zero, and through the poitt”—*(1, 1) with right derivativel +2-".

A routine calculation now shows that this function is everywhere regular,
and hence its epigraph epis everywhere Clarke regular. However, ¢pi
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is not nearly radial at the origin. To see this, observe that for eaelN, if

we consider the sequeneg = 2-"(1,1) — (0,0), then we have
Tepif($n> = {(x,y) ‘Y 2 (1 + 217”) max{:v,O}} )

o)

£

\/5 )

contradicting the definition of a nearly radial set.

dist(0, x,, + Tepis (7)) =

This is yet another attractive property for semi-algebraic sets.
Theorem 8.6. (semi-algebraic sets) Semi-algebraic sets are nearly radial.

Proof. Suppose the origin lies in a semi-algebraic XetC R™. We will
show thatX is nearly radial at the origin.

If the result fails, then there is a real> 0 and a sequence of points
¥y — 0in X such that

u+ ”y ” > ¢ forallu e Tx(y,).
Yr
Hence for each indexthere exists a real. > 0 such that
H Sl ‘>(5forallzeXSUChtha'()<Hz—yrH<%
Iz =l HyrH

Consequently, each point lies in the set

Xy = {yeX|37>OsoH H
|2 —y|| Tl

vz e X\ {y} with |}~ gl <7},

s00 € cl X,.

By quantifier elimination (see for example the discussion of the Tarski-
Seidenberg Theorem in [2, p. 62]), the 3&tis semi-algebraic. Hence the
Curve Selection Lemma (see [2, p. 98] and [19]) shows that there is a real-
analytic pathp : [0,1] — R™ such thatp(0) = 0 andp(t) € X, for all

€ (0, 1]. For some positive integérand nonzero vectar € R"™ we have,
for smallt > 0,

p(t) = gt* + 0@
p(t) = kgt* ' +O(t"),
and in particular botlp(t) andp’(t) are nonzero. For any su¢hve know
—p(t t
' 2—plt) , plt)

lz=p@1  lp@]

>0
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for any pointz € X \ {p(¢)} close top(t). Hence for any rea¢ # ¢ close
tot we have

p(s) — p(t) p(t)
H 1) — el o]~
Taking the limit ass T ¢t shows
o) H)
0l ||p'<t>||H =0

for all small¢ > 0. But since
t '(t
PO 9 p/() 7
to lp@)I gl o [[p'(#)|l
this is a contradiction. O

By contrast, semi-algebraic sets need not be nearly convex. For example,
the union of the two coordinate axesIitt is semi-algebraic, but it is not
nearly convex at the origin.

AcknowledgemeniThanks to Jim Renegar for helpful discussions concern-
ing Theorem 8.6 (semi-algebraic sets), and to Jon Borwein for the statement
of the definition of nearly radial sets before Proposition 4.5. The first au-
thor’s research was supported in part by U.S. NSF grant DMS-080657.

REFERENCES

[1] A. Ben-Tal and A. Nemirovski. Lectures on Modern Convex Optimization: Analysis,
Algorithms, and Engineering Applications. SIAM, Philadelphia, 2001.
[2] R. Benedetti and J.-J. Risler. Real Algebraic and Semi-algebraic Sets. Hermann,
Paris, 1990.
[3] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrix Inequalities in
System and Control Theory. SIAM, Philadelphia, 1994.
[4] J.V. Burke, A.S. Lewis, and M.L. Overton. Optimal stability and eigenvalue multi-
plicity. Foundations of Computational Mathematics, 1:205-225, 2001.
[5] J.V. Burke, A.S. Lewis, and M.L. Overton. Optimization over pseudospectra. SIAM
Journal on Matrix Analysis 25:80-104,2003.
[6] J.V.Burke, A.S. Lewis and M.L. Overton, Robust stability and a criss-cross algorithm
for pseudospectra IMA Journal of Numerical Analysis 23 (2003), pp. 359-375.
[7] F.H. Clarke, A new approach to Lagrange multipliers, Mathematics of Operations
Research, 1, 165-174.
[8] F.H. Clarke. Optimization and Nonsmooth Analysis. Wiley, New York, 1983. Repub-
lished as Vol. 5, Classics in Applied Mathematics, SIAM, 1990.
[9] F.H. Clarke, Yu.S. Ledyaev, R.J. Stern, and P.R. Wolenski. Nonsmooth Analysis and
Control Theory. Springer-Verlag, New York, 1998.
[10] M. Coste, An Introduction to O-minimal geometry,1999.
[11] M. Coste, An Introduction to Semialgebraic Geometry, 2002.
[12] A. Daniilidis and P. Georgiev, Approximate Convexity and Submonotonicity, J. Math.
Anal. Appl., 291 (2004), 292-301.



LIPSCHITZ BEHAVIOR OF THE ROBUST REGULARIZATION 32

[13] L. El Ghaoui and S.-I. Niculescu. Robust decision problems in engineering: a linear
matrix inequality approach. In L. El Ghaoui and S.-I. Niculescu, editors, Advances in
Linear Matrix Inequality Methods in Control, pages 3-37. SIAM, Philadelphia, 2000.

[14] J.-B. Hiriart-Urruty. The deconvolution operation in convex analysis: an introduction.
Cybernetics Systems Analysis, 30:555-560, 1994.

[15] A. S. Lewis, Robust Regularization, preprint, 2002.

[16] A. S. Lewis and C. H. J. Pang, Variational analysis of pseudospectra, 2008, to appear
in SIAM Journal on Optimization

[17] W. Li, Sharp Lipschitz constants for basic optimal solutions and basic feasible solu-
tions of linear programs, SIAM J. Control Optim., 32 (1994), pp. 140?153.

[18] E. Mengi and M.L. Overton. Algorithms for the computation of the pseudospectral
radius and the numerical radius of a matrix, IMA Journal of Numerical Analysis 25
(2005) pp. 648-669.

[19] J.W. Milnor. Singular Points of Complex Hypersurfaces. Princeton University Press,
Princeton, N.J., 1968.

[20] B.S. Mordukhovich, Variational Analysis and Generalized Differentiation | and II.
Springer, Berlin, 2006.

[21] S.M. Robinson, Solution continuity in monotone affine variational inequalities,
SIAM J. Optim. Volume 18, Issue 3, pp. 1046-1060 (2007)

[22] R.T. Rockafellar. Favorable classes of Lipschitz continuous functions in subgradient
optimization in nondifferentiable optimization (1982), E. Nurminski (eds.), Perga-
mon Press, New York.

[23] R.T. Rockafellar and R.J.-B. Wets. Variational Analysis. Springer, Berlin, 1998.

[24] B. Rustem and M. Howe, Algorithms for Worst-Case Design and Applications to
Risk Management, Princeton, NJ, 2003.

[25] A. Shapiro. Existence and differentiability of metric projections in Hilbert space.
SIAM Journal on Optimization, 4:130-141, 1994.

[26] A. Shapiro and F. Al-Khayyal. First-order conditions for isolated locally optimal so-
lutions. Journal of Optimization Theory and Applications, 77:189-196, 1993.

[27] L.N. Trefethen and M. Embree, Spectra and Pseudospectra, Princeton, 2006.

ADRIAN S. LEWIS, SCHOOL OF OPERATIONSRESEARCH ANDINFORMATION EN-
GINEERING, CORNELL UNIVERSITY, ITHACA, NY, 14853.
E-mail addressaslewis@orie.cornell.edu

C. H. EFFREY PANG, CENTER FORAPPLIED MATHEMATICS, CORNELL UNIVER-
SITY, ITHACA, NY, 14853.
E-mail addresscp229@cornell.edu



