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Abstract In the paper, we provide a new efficient approach to find a zero of a
maximal monotone operator under very mild assumptions. Using a regularization
technique and the proximal point algorithm, we can construct a sequence that
converges strongly to a solution with at least linear convergence rate.
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1 Introduction

Our aim is to provide an efficient algorithm to solve numerically a zero of a set-
valued maximal monotone operator A : H ⇒ H, i. e., to find x ∈ H such that

0 ∈ Ax, (1)

where H is a given real Hilbert space. It is one of the fundamental problem in
convex optimization which has been extensively studied (see, e. g., [1–3,8,13,14]
and the references therein). Indeed it is known that minimizing a proper convex
lower semicontinuous function f : H → H can be reduced to this problem, i. e.,

0 ∈ ∂f(x). (2)

The proximal point algorithm [10,11,13] is perhaps the most popular method to
solve (1), which is given by

x0 ∈ H, xk+1 = JγAxk, k = 1, 2, 3 . . . (3)

for some γ > 0 where JγA := (I + γA)−1 denotes the resolvent of A. Weak con-
vergence of the proximal point algorithm follows by the firm non-expansiveness of
JγA and Opial’s Lemma [8,13]. Strong convergence can be obtained by combining
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with the Krasnoselskii–Mann iteration scheme or Halpern’s procedure (see, e.g.,
[12,14,16]). Linear convergence of the algorithm is an attractive property, which
was confirmed by Rockafellar [13] when A is strongly monotone or more weakly,
A−1 is Lipschitz continuous at zero. However, the Lipschitz continuity of A−1 at
zero in Rockafellar’s sense (see [13,15]) is quite restrictive since it requires that
A−1(0) is singleton, i. e., the problem (1) must have a unique solution, which is
not satisfied in many applications.

In this paper, we establish a new way to solve (1) with linear convergence rate
under only the upper semicontinuity of A−1 at zero in the sense of set-valued
analysis, which seems to be more natural than Rockafellar’s sense. The idea is to
solve the regularized problem

0 ∈ (A+ εId)xε, (4)

for ε > 0 small enough using the proximal point algorithm where Id denotes the
identity mapping. We show that xε is closed to some x∗ ∈ A−1(0) as ε tends to
zero thanks to the upper semicontinuity of A−1 at zero. It is interesting for the
practical view since we only need to solve one strongly monotone inclusions to
obtain the approximate solution for a given accuracy.

The paper is organized as follows. First we recall some definitions and useful
results concerning maximal monotone operators in Section 2. An efficient proce-
dure for solving (1) and an application to convex optimization are presented in
Section 3 and Section 4 respectively. Finally, some conclusions end the paper in
Section 5.

2 Notations and preliminaries

Let H be a given real Hilbert space with its norm ‖ · ‖ and scalar product 〈·, ·〉.
The closed unit ball is denoted by B. A mapping f : H → H is called nonexpansive
if it is Lipschitz continuous with modulus 1. It is called firmly nonexpansive if

‖f(x)− f(y)‖2 ≤ ‖x− y‖2 − ‖(Id− f)(x)− (Id− f)(y)‖2, ∀ x, y ∈ H.

The domain, the range and the graph of a set-valued mapping A : H ⇒ H are
defined respectively by

dom(A) = {x ∈ H : A(x) 6= ∅}, rge(A) =
⋃
x∈H

A(x)

and

gph(A) = {(x, y) : x ∈ H, y ∈ A(x)}.

It is called monotone provided

〈x∗ − y∗, x− y〉 ≥ 0 ∀ x, y ∈ H,x∗ ∈ A(x) and y∗ ∈ A(y).

In addition, it is called maximal monotone if there is no monotone operator A′

such that the graph of A is strictly contained in the graph of A′.

We have the following classical result (see, e. g.,[6]).
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Proposition 1 Let A : H ⇒ H be a maximal monotone operator. Then the graph
of A is strongly-weakly closed, i. e., if the sequences (yn) converges strongly to
some y, (xn) converges weakly to some x and yn ∈ A(xn) then y ∈ A(x).

It is called µ-strongly monotone (µ > 0) provided

〈Ax−Ay, x− y〉 ≥ µ‖x− y‖2 ∀ x, y ∈ H.

We can see that if A is µ-strongly monotone then A−1 is single-valued 1
µ -Lipschitz

continuous.

The resolvent of A are defined respectively as follows

JA := (Id+A)−1.

Remark 1 The resolvents of maximal monotone operators are firmly nonexpansive
(see, e.g., [13]).

The set-valued operator A is called upper semicontinuous at 0 ∈ dom(A) (see
also [4]) if there exist an increasing function ρ : R+ → R+ with ρ(0) = 0 and ε > 0
such that

A(x) ⊂ A(0) + ρ(‖x‖)B,∀x ∈ εB. (5)

It is called Lipschitz continuous at 0 ∈ dom(A) if there exists L > 0 and ε > 0
such that

A(x) ⊂ A(0) + L‖x‖B, ∀x ∈ εB.

Remark 2 i) Our Lipschitz continuity is weaker than the Lipschitz continuity in
Rockafellar’s sense [13,15] since it allows A(0) is a set. Two definitions coincides
if A(0) is singleton. The Sign mapping, defined by

Sign(x)

x

1

−1

O

Fig. 1 The Sign function



4 B. K. Le

Sign(x) =


−1 if x < 0,

[−1, 1] if x = 0,

1 if x > 0,

is Lipschitz continuous at 0 in our sense but not Lipschitz continuous at 0 in
Rockafellar’s sense. We also note that Sign = N−1

[−1,1], the inverse of the normal

cone to the set [−1, 1]. The mappings Sign, N[−1,1] and set-valued operators with
similar form play an important role in engineerings and mechanics [7,9].

ii) If A is Lipschitz continuous at 0 then it is upper semicontinuous at 0 with
ρ(‖x‖) = L‖x‖ but the converse is not true, e. g., when ρ(‖x‖) =

√
‖x‖.

3 Main result

In this section, we provide an efficient approach to solve (1) numerically. The only
assumptions are that A is maximal monotone with non-empty set A−1(0) and A−1

is upper semicontinuous at zero in the set-valued sense. It is significantly weaker
than the assumption used in [13,15]. Let x∗ be a fixed element of A−1(0). We have
the following results.

Lemma 1 Let ε > 0 small enough and xε := (A+ εId)−1(0). Then

‖xε‖ ≤ ‖x∗‖, (6)

and

‖xε − y∗‖ ≤ ρ(ε‖x∗‖) (7)

for some y∗ ∈ A−1(0) where ρ(·) is defined in (5).

Proof Note that xε is well-defined since A+ εId is strongly monotone. We have

0 ∈ Ax∗ and − εxε ∈ Axε.

The monotonicity of A implies that

ε〈xε, xε − x∗〉 ≤ 0,

and (6) follows. On the other hand,

xε ∈ A−1(−εxε) ⊂ A−1(0) + ρ(ε‖xε‖)B ⊂ A−1(0) + ρ(ε‖x∗‖)B. (8)

Then there exists y∗ ∈ A−1(0) such that xε − y∗ ∈ ρ(ε‖x∗‖)B and we obtain the
conclusion.

Theorem 1 For given n, cn > 0 and z0 ∈ H, we choose εn > 0 small enough
such that

ρ(εn‖x∗‖) ≤
1

(1 + cn)n
.
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Let An := A+ εnId and γn := cn
εn

. Let (zk,n)k≥1 be the sequence generated by the
proximal point algorithm

zk+1,n := JγnAn
zk,n, k = 0, 1, 2 . . . (9)

Let wn := zn,n. Then we have

‖zk,n − y∗‖ ≤
1

(1 + cn)k
(‖x∗‖+ ‖z0‖) +

1

(1 + cn)n
, k = 1, 2, 3, . . .

and thus

‖wn − y∗‖ ≤
1

(1 + cn)n
(‖x∗‖+ ‖z0‖+ 1),

for some y∗ ∈ A−1(0).

Proof The positive real number εn is well-defined since ρ is increasing and ρ(0) = 0
(for example if ρ(‖x‖) = L‖x‖ then εn = 1

L‖x‖∗(1+cn)n ). Since An is εn-strongly

monotone, we obtain that JγnAn
is 1

1+γnεn
= 1

1+cn
-Lipschitz continuous (see, e.

g., [13]). Let xεn := A−1
n (0). Then xεn = JγnAn

xεn and using Lemma 1, there
exists some y∗ ∈ A−1(0) such that

‖zk,n − y∗‖ ≤ ‖zk,n − xεn‖+ ‖xεn − y
∗‖ ≤ 1

(1 + cn)k
‖xεn − z0‖+ ρ(εn‖x∗‖)

≤ 1

(1 + cn)k
(‖x∗‖+ ‖z0‖) +

1

(1 + cn)n

since ‖xεn‖ ≤ ‖y∗‖. The conclusion thereby follows.

Remark 3 i) Using Theorem 1, we only have to solve one strongly monotone in-
clusion with at least linear convergence rate to obtain an approximate solution for
a given accuracy, which is interesting for the practical view.

ii) If A−1(0) = {x∗} is singleton, then xε converges to x∗ due to (7). In gen-
eral, xε is closed to one of the solutions when ε small enough and every weak limit
point of (xε) is a solution of (1) (see Proposition 1 and Lemma 1).

ii) The upper semicontinuous of A−1 at zero is very mild and natural. In-
deed A−1 is maximal monotone hence the graph of A is closed (Proposition 1).
In particular, if A−1 is compact in a neighborhood of zero then A−1 is upper-
semicontinuous at zero ([4, Theorem 1- p. 41]). In finite dimensional spaces, if the
domain of A is bounded then this assumption is automatically satisfied.

4 Application

Let us consider the unconstrained minimization problem of a convex, L-continuous
function f : H → H with nonempty set ∂f−1(0) and ∂f−1 is upper semicontinuous
at zero in the set-valued sense. Then for given a positive sequence (cn), by using
Theorem 1, we can find some constant C > 0 and a sequence (wn) such that

f(wn)− min
x∈H

f(x) ≤ C

(1 + cn)n
. (10)
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5 Conclusions

The paper provides a new efficient approach in the finding a zero of a maximal
monotone operator under very mild assumptions. An application to convex mini-
mization with linear convergence is provided.
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